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Abstract
We deal with anti-periodic problems for nonlinear evolution equations with nonmonotone perturbations.
The main tools in our study are the maximal monotone property of the derivative operator with anti-periodic
conditions and the theory of pseudomonotone perturbations of maximal monotone mappings.
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1. Introduction
In this paper, we study the following anti-periodic problem of nonlinear evolution equations
with nonmonotone perturbations{
u′(t) +Au(t) +Gu(t) = f, a.e. t ∈ (0, T ),
u(0) = −u(T ), (1)
in a real reflexive Banach space V , A is monotone and G is not.
If we use the periodic condition u(0) = u(T ) or the zero-initial valued condition in prob-
lem (1), these kinds of problems have considered by many authors, for example, if G = 0, the
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monotone operators. While (1) with zero-initial valued condition was considered by Liu in [7,8]
by use of the theory of pseudomonotone operators.
H. Okochi [9] initiated the study for anti-periodic solutions of evolution equation in Hilbert
spaces (see also [10,11]). Following Okochi’s work, Haraux [6] proved some existence and
uniqueness theorems for anti-periodic solutions by using Brouwer’s or Schauder’s fixed point
theorem. Later, Aizicovici and Pavel [2] studied the anti-periodic solutions of second order evo-
lution equations in Hilbert and Banach spaces by using monotone and accretive operator theory,
see Aizicovici, McKibben and Reich [1] for nonmonotone cases. In [4,5], Chen et al. studied by
fixed point theorem the anti-periodic solution for the following first order semilinear evolution
equation:
{
u′(t) +Au(t)+ ∂Gu(t) + F(t, u) = 0, a.e. t ∈ (0, T ),
u(0) = −u(T ),
in a real separable Hilbert space H , where A : D(A) ⊆ H → H is a linear dense self-adjoint op-
erator such that D(A) is compactly embedded into H , and ∂G is a continuous bounded mapping
in H , and F : [0, T ] × H → H is a continuous mapping which is bounded above by some L2
functions.
Our first purpose in this paper is to show the maximal monotone property of the derivative
operator with anti-periodic conditions. Then we prove the existence of solutions for the anti-
periodic problem (1) by using the theory of pseudomonotone perturbations of maximal monotone
mappings.
2. Preliminaries
Let V be a real reflexive Banach space densely and continuously embedded in a real Hilbert
space H . Identifying H with its dual, we have V ⊆ H ⊆ V ′, where V ′ stands for the dual of V .
The norm of any Banach space B is denoted by ‖ · ‖B . The duality pairing between B and its
dual B ′ is denoted by 〈·,·〉B . Let p,q and T be constants such that T > 0, p  2 and 1p + 1q = 1.
Let X = Lp(0, T ;V ), X′ = Lq(0, T ;V ′), I = [0, T ]. Let W = {u ∈ X;u′ ∈ X′}. Then W with
the norm ‖u‖W = ‖u‖X + ‖u′‖X′ is a Banach space (see Proposition 23.23 of [12]). The norm
convergence is denoted by → and the weak convergence by ⇀.
We give the basic assumptions.
(H1) A : V → V ′ is monotone and demicontinuous.
(H2) G : V → V ′ is both continuous and weakly continuous. Furthermore, for any sequence
{un} in V with un ⇀ u in V , we have
lim sup〈Gun,un − u〉V  0.
(H3) There exist positive constants c1, c2, c3 and c4 such that
‖Au‖V ′  c1
(‖u‖p−1V + 1), ‖Gu‖V ′  c2(‖u‖p−1V + 1),
〈Au+ Gu,u〉V  c3‖u‖pV − c4 ∀u ∈ V.
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We define
Lu = u′, D(L) = {u ∈ W : u(0) = −u(T )}. (2)
Here v′ stands for the generalized derivative of v, i.e.,
T∫
0
v′(t)φ(t) dt = −
T∫
0
v(t)φ′(t) dt ∀φ ∈ C∞0 (I ).
Proposition 1. Let V ⊆ H ⊆ V ′ be an evolution triple and let X = Lp(0, T ;V ) where 1 <
p < ∞ and 0 < T < ∞. Then the linear operator L : D(L) ⊆ X → X′ defined by (2) is maximal
monotone.
Proof. We make essential use of the integration by parts formula
〈Lu,u〉X =
T∫
0
〈
u′(t), u(t)
〉
V
dt
= 2−1(∥∥u(T )∥∥2
H
− ∥∥u(0)∥∥2
H
) (3)
for all u ∈ W , which shows the operator L is monotone by u(0) = −u(T ) for all u ∈ D(L).
In the sequel we shall show that L is maximal monotone. To prove this, suppose that (v, v∗) ∈
X × X′ and
0
〈
v∗ −Lu,v − u〉
X
∀u ∈ D(L). (4)
We have to show that v ∈ D(L) and v∗ = Lv, i.e., v∗ = v′.
To this end, choose
u = ϕz, where ϕ ∈ C∞0 (0, T ) and z ∈ V.
Then u′ = ϕ′z and u ∈ D(L). By (3), 〈Lu,u〉X = 0. From (4) it follows that
0
〈
v∗, v
〉
X
−
T∫
0
〈
ϕ′(t)v(t)+ ϕ(t)v∗(t), z〉
V
dt ∀z ∈ V. (5)
In this connection, note that 〈x, y〉V = 〈x, y〉H = 〈y, x〉V ∀x, y ∈ V by (23.17) of [12]. From (5)
we get
T∫ (
ϕ′(t)v(t) + ϕ(t)v∗(t))dt = 0 ∀ϕ ∈ C∞0 (0, T ).0
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v′ = v∗
and v ∈ W , since v∗ ∈ X′.
It remains to show that v ∈ D(L). Using integration by parts, we obtain from (3) that
0
〈
v′ − u′, v − u〉
X
= 2−1(∥∥v(T ) − u(T )∥∥2
H
− ∥∥v(0) − u(0)∥∥2
H
) ∀u ∈ D(L).
Therefore, we obtain
0
∥∥v(T ) − u(T )∥∥2
H
− ∥∥v(0) − u(0)∥∥2
H
= ∥∥v(T )∥∥2
H
− ∥∥v(0)∥∥2
H
+ 2〈u(0), v(0) + v(T )〉
H
∀u ∈ D(L). (6)
Note that u(0) = −u(T ). In particular, we can choose u(t) = (1 − 2
T
t)y for arbitrary y ∈ V .
Hence v(0) = −v(T ), i.e., v ∈ D(L). Note that V is dense in H . The proof is complete. 
Then we have
Proposition 2. Suppose that the assumptions (H1)–(H3) hold. Then the mapping A + G : X →
X′ is coercive, bounded, demicontinuous, and pseudomonotone.
Proof. By (H1)–(H3) we easily obtain that the sum operator A + G is coercive, bounded and
demicontinuous. We only need to show that A +G is pseudomonotone.
Suppose un ⇀ u in X and
lim sup〈Aun +Gun,un − u〉X  0. (7)
We shall prove the pseudomonotonicity of A+ G by showing
〈Aun +Gun,w〉X → 〈Au +Gu,w〉X ∀w ∈ X, (8)
and
lim inf〈Aun + Gun,un〉X = 〈Au +Gu,u〉X. (9)
Define
hn(t) =
〈
Aun(t) +Gun(t), un(t) − u(t)
〉
V
∀t ∈ I.
First we show that for almost all t ∈ I ,
lim infhn(t) 0. (10)
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that for ∀t0 ∈ Iε ,
lim infhn(t0) < 0. (11)
It follows from (H3) that
hn(t0) =
〈
Aun(t0) +Gun(t0), un(t0) − u(t0)
〉
X
 c3
∥∥un(t0)∥∥pV − c4 − (c1 + c2)(∥∥un(t0)∥∥p−1V + 1)∥∥u(t0)∥∥V . (12)
By (11) and (12), we get that {un(t0)} is bounded in V . Therefore, passing to a subsequence if
necessary we can assume that un(t0)⇀ u(t0) in V . Using assumption (H2), we obtain
lim inf
〈
G(un)(t0), un(t0) − u(t0)
〉
V
 0.
It follows from the monotonicity of A and the weak convergence of un(t0) that
lim inf
〈
A(un)(t0), un(t0) − u(t0)
〉
V
 0.
Hence, we have from the two inequalities above
lim infhn(t0) lim inf
〈
A(un)(t0), un(t0) − u(t0)
〉
V
+ lim inf〈G(un)(t0), un(t0) − u(t0)〉V
 0
which contracts (11) and, thereby, proves (10). Then by Fatou’s Lemma, we obtain from (7)
and (10)
0
T∫
0
lim infhn(t) dt
 lim inf
T∫
0
hn(t) dt
 lim sup
T∫
0
hn(t) dt
= lim sup〈Aun +Gun,un − u〉X
 0.
The inequalities above imply that lim infhn(t) = 0 for almost all t ∈ I . Passing to a subsequence
if necessary, we have
lim hn(t) = 0 a.e. t ∈ I. (13)
n→∞
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there exists a positive constant C, such that
∥∥un(t)∥∥V  C a.e. t ∈ I, (14)
and hence, we may assume un(t)⇀ u(t) in V for almost all t ∈ I . Since G is weakly continuous,
we have that for any w ∈ X,
〈
G(un)(t) −G(u)(t),w(t)
〉
V
→ 0 a.e. t ∈ I.
Using (14) and (H3), we obtain∣∣〈G(un)(t) −G(u)(t),w(t)〉V ∣∣ ∥∥G(un)(t) −G(u)(t)∥∥V ′∥∥w(t)∥∥V

(
c2
∥∥u(t)∥∥p−1
V
+ k1
)∥∥w(t)∥∥
V
,
where k1 is also a positive constant.
By the Dominated Convergence Theorem, it follows from the above facts that
〈Gun − Gu,w〉X =
T∫
0
〈
G(un)(t) −G(u)(t),w(t)
〉
V
dt → 0 ∀w ∈ X,
i.e.,
Gun ⇀Gu in X′. (15)
Similarly, using (H2), (H3) and (14), we have∣∣〈G(un)(t), un(t) − u(t)〉V ∣∣ ∥∥G(un)(t)∥∥V ′∥∥un(t) − u(t)∥∥V
 c2
∥∥u(t)∥∥
V
+ k2,
and
lim inf
〈
G(un)(t), un(t) − u(t)
〉
V
 0.
Using Fatou’s Lemma again, we obtain
0
T∫
0
lim inf
〈
G(un)(t), un(t) − u(t)
〉
V
dt,
 lim inf
T∫
0
〈
G(un)(t), un(t) − u(t)
〉
V
dt,
i.e.,
lim inf〈Gun,un〉X  〈Gu,u〉X. (16)
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lim sup〈Aun,un − u〉X  0.
By the definition of A, we readily get that A is a monotone and demicontinuous operator on
the real reflexive Banach space X. It follows from Proposition 32.7 in [12] that A is maximal
monotone. Therefore, using Lemma 1.3 of Chapter II in [3], we have
Aun ⇀Au (17)
and
lim
n→∞〈Aun,un〉X = 〈Au,u〉X. (18)
From (7) and (18), we obtain
lim sup〈Gun,un − u〉X  0. (19)
So by (16), we get
lim
n→∞〈Gun,un − u〉X = 0. (20)
Hence from (15)–(20) we obtain (8) and (9), which proves our Proposition 2. 
Now we are in a position to obtain our main results.
Theorem. Let f ∈ X′ be given. Under assumptions (H1)–(H3), problem (1) has at least one
solution u ∈ X such that u ∈ Lp(0, T ;V ), u′ ∈ Lq(0, T ;V ′).
Proof. By Proposition 1, we know that L is a maximal monotone mapping. By means of the
operator L, we can rewrite (1) as
Lv +Av + Gv = f, v ∈ D(L). (21)
In virtue of Theorem 32.A of [12] and our Proposition 2, we obtain that Eq. (21) has a solution
u ∈ D(L), which implies problem (1) has a solution u ∈ X and u′ ∈ X′. The proof of the main
theorem is complete. 
In order to illustrate our theoretical result, we have the following example.
A nonlinear anti-periodic parabolic problem. We denote H := L2(Ω), V := W 1,p0 (Ω), where
Ω is a bounded domain in Rn with a smooth boundary ∂Ω and let p  2 and 1/p + 1/q = 1.
It is well known (see, e.g., Zeidler [12]) that ‖u‖V = (
∫
Ω
|∇u|p dx)1/p is an equivalent norm
on V . Let X = Lp(0, T ;V ),X′ = Lq(0, T ;V ′).
L. Zhenhai / Journal of Functional Analysis 258 (2010) 2026–2033 2033We consider the following problem:
⎧⎪⎨
⎪⎩
ut − div
(|∇u|p−2∇u)= f (x,u), on Ω × (0, T ),
u(x, t) = 0, on ∂Ω × (0, T ),
u(x,0) = −u(x,T ), on Ω.
(22)
The p-Laplacian div(|∇u|p−2∇u) arises in many applications such as non-Newtonian fluids,
quasi-regular and quasi-conformal mapping theory and Finsler geometry, etc. Let us define the
following two operators on V ,
〈Au,v〉V :=
∫
Ω
|∇u|p−2∇u · ∇v dx ∀u,v ∈ V,
〈Fu,v〉V :=
∫
Ω
f (x,u)v dx ∀u,v ∈ V.
If f : Ω × R → R satisfies suitable conditions, we may get that the assumptions (H1)–(H3)
hold for the operators A and G. Then we can show the existence of anti-periodic solutions to the
problem (22) by using our abstract results.
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